Lorentz invariance without trans-Planckian physics? 
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Abstract 

We explore the possibility that, in a quantum field theory with Planck scale cutoff A ~ mp, 
observable quantities for low-energy processes respect the Lorentz symmetry. In particular, 
we compute the one-loop radiative correction 11 to the self-energy of a scalar field with A 0^ 
interaction, using a modified (non-invariant) propagator which vanishes in the trans-Planckian 
regime, as expected in the "classicalization" scenario. We then show that, by imposing the 
result does not depend on A (in the limit A — > mp), an explicit (albeit not unique) expression 
for n can be derived, which is similar to the one simply obtained with the standard Feynman 
propagator and a cutoff A — mp . 



1 Introduction 



It is usually believed that quantum gravitational effects should become relevant at energy scales 



of the order of the Planck mass, mp ~ 10^^ TeV, or higher. This conclusion is easily reached by 



considering that the Einstein-Hilbert action is proportional to the Newton constant Gn = ^p/mp[^ 
and gravitational perturbations on a given background therefore couple to matter sources with a 
strength proportional to ip/mp ~ nip"^. The strength of the matter-gravity coupling can also be 
seen directly in the semiclassical Einstein field equations, 

R^..-\R9^.u = 8^TG^{f^^.) , (1.1) 

where the expectation value {Tf^u) of the energy-momentum (operator) tensor on a given quantum 
state of matter has replaced its classical counterpart T^,^. 



A clear exception is given by purely classical vacuum solutions of Eq. (1.1), for which (T^j^) — 
Tij,u = 0, so that Gn apparently drops from the calculation. In fact, Gn can re-enter as part of an 
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integration constant proportional to the mass m of a spin- less point-like source, and turns it into 
a length, namely the Schwarzschild radius 



RM = 2G^m = 2M. (1.2) 

On the other hand, for such a particle, quantum mechanics introduces an uncertainty in spatial 
localisation, typically of the order of the Compton (de Broglie) length, 

Am - ^ = I . (1.3) 

m M 

Given that quantum physics is a more refined description of reality than classical physics, the clash 
of the two lengths, Rm and Am, implies that the former only makes sense provided it is significantly 
larger than the latter, 

Rm > Am rn>mp , (1.4) 



or M > £p. Note that this argument employs the flat space Compton length (1.3), and it is 



likely that the particle's self-gravity will affect it. However, it is still reasonable to assume the 



condition (1.4) holds as a rough, order of magnitude, estimate. In fact, one can alternatively 



consider the "mean energy density" inside the Schwarzschild radius. 



m ml 



and require that it does not exceed the Planck scale. 



£H<ifrnp, (1.6) 



which again leads to Eq. (1.4) 



Overall, the above-mentioned consideration that quantum gravity effects become relevant for m 
of order nip or higher now appears questionable, since the condition ( 1.4 ) implies that such a system 



should be fairly well described in classical terms. This is indeed at the core of the recent ideas 
of UV self-completeness of gravity and "classicalization" [1], as well as it had previously inspired 
Generalized Uncertainty Principles (GUPs) [2]. More or less implicitly, such scenarios require the 
existence of a preferred (inertial) reference frame in which the components of four-momenta reach 
Planck size, thus breaking Lorentz covariance at face value |^ Our main aim in this work will be 
precisely to investigate the possibility that Lorentz symmetry at low-energy and "classicalization" 
- or, more precisely, a total suppression of trans-Planckian quantum modes, can be effectively 
reconciled. 



2 Gravitational renormalization 

There are many reasons to indulge in the possibility that the gravitational interaction causes 
Quantum Field Theory (QFT) propagators to depart from their flat-space expressions at high 
energy. Whatever the reason, we then need an explicit implementation in order to compute physical 
predictions. Classicalization induced by black hole formation and the GUPs are proposals we 

^For a recent approach that employs a Lorentz covariant cutofT, see [3] and References therein. 
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Figure 1: One- loop correction to the mass from Ai 



already mentioned above. Alternatively, a set of "diagrammatic rules" was presented in Ref. [4J 
to effectively (and non-perturbatively) include (self-)gravity in the standard perturbative QFT of 
matter and other interactions. Since such rules will not be explicitly needed here, we will just recall 
the basic idea: in Feynman diagrams, each flat-space Feynman propagator of momentum p, should 
be replaced by the propagator in the curved space-time sourced by all the other (real or virtual) 
particles (say, with total momentum q) in the same diagram, to wit 

G(p)^G,(p;mp) , (2.1) 

where we also allowed for an explicit dependence on the Planck scale reminder that (self- 

)gravity is to be included. These propagators could, in principle, be obtained perturbatively, by 
summing over infinitely many graviton exchange diagrams or, non-perturbatively - but perhaps, 



equivalently, by solving the semiclassical equations (1.1), although this task is likely unattainable 
without some other approximation. For example, in Ref. [1], a modified scalar propagator was 
derived, under the working assumption that the Schwarzschild metric can be approximated by a 
conformally flat metric for (short-lived) virtual processes. The one- loop correction to the four- 
point correlation function for the scalar field with A(/>^ interaction was then shown to contain no 
Ultra- Violet (UV) divergences. 

In the following, we shall assume that classicalization works, with no quantum degree of free- 
dom propagating above the Planckian scale, and just focus on the requirements the propagator 
must consequently satisfy to build a theory consistent with low-energy Lorentz symmetry. To this 



purpose, we shall not (totally) specify the modified propagator in Eq. (2.1), but assume that when 
any component of the internal momenta reaches the Planck scale [so that condition (1.4) is 
roughly satisfied], a classical configuration forms, whose contribution as a radiative correction is 
negligible. This assumption can be effectively formalised by introducing a UV cutoff A in the in- 
tegrals over components of the virtual momenta at the Planck scale, say A ~ mp. This rule also 
seems to require a preferred reference frame. For example, one may consider the rest frame of the 
(virtual) forming black hole, in which the spatial components of its four-momentum vanish, that 
is = (i?, 0,0,0), and apply a continuous change of frame while performing the integration over 
virtual momenta]^ We shall here opt for a different approach, we are now going to illustrate with 
an example. 

3 Gravitationally renormalised self-energy 

We wish to test the above rule on the self-energy of a scalar field with A (j)^ interaction. In a given 
inertial reference frame, where the cutoff is given by the four- vector A" = (A, A, A, A), the one-loop 



^This possibility is currently being investigated, but appears technically very involved. 
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contribution is represented by the tadpole diagram (see Fig. [T]) , and reads 



3 +^ 

nA(P') = A J] fdk'^Gpik; 



m 



(3.1) 



where P'^ is the (on-shell) four- momentum of the scalar particle, with = P^P^ = mg, and 



Gp{k;mp) is the modified propagator from Eq. (2.1). In a different inertial frame, the cutoff 
four- vector will be A" = L"^ A'^ (where L is a Lorentz matrix) , and we must likewise have 



(3.2) 



where P'^ = L'^p P^ is the boosted external momentum, again with P^ = ttiq. If the result has to 
be invariant under (small) changes of the cutoff, I[\{P^) = Hji^^P"^) for A ~ A ~ nip, at least when 
the components |P^| <C rup, we must then have 



dU^iP' 



dA 



(3.3) 



A=r?in 



which can be more explicitly written as 



3 

E 

11=0 



+mp 

H J dFGp(fe;mp) 



. 



(3.4) 



Clearly, Eq. (3.4) would hold if the modified propagator Gp{k;mp) vanished if the components 
k^ = imp, and does not hold with the usual Feynman propagator |^ Further, since we are 
interested in the low-energy regime for the external particles, all the components \P^\ ^ rrip, and 



in Eq. (3.4) we can approximate 

Gp{k;mp) ~ Gp=o{k;mp) = G{k'^;mp) , 
where Greek indices run from to 3 (Latin indices z = 1, 2, 3 and a = 1, 2), and obtain 



(3.5) 



E 

ti=0 



Yl j dk" Gik'^^nip) 



(3.6) 



fcf =itmr, 



''The proposed propagator in Ref. [4] looks marginally better, due to the suppression weight pA{k), as does the 
exponentially suppressed propagator obtained from non-commutativity in Ref. [3]. The latter has also the clear 
advantage of being explicitly covariant in form, albeit in the Euclidean formulation (after a Wick rotation that maps 
time to imaginary values). 
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Since the "preferred" direction was dropped, we can now employ homogeneity of Minkowski 
space-time in order to write the above as 



~ 2 y dk^dk'^dk^ G{k'';mp)\f^o=^^+Q j dk'^ dk^ dk"^ G{k'';m 



Sir p^dpG{mp,p'-;mp) + 12tt dE qdqG{E,q°- ,mp;mp) 



= h + h. 
We further assume 



Gik^'-m \- 9iE,p;mp) 

G{k ,"ipj-^2_p2_^2 ' 



(3.7) 



(3. 



where the function g{E < mp,p < nip;mp) ~ 1, in order to recover the standard Feynman 
propagator at low momenta. The only non- vanishing contribution to the right hand side of Eq. (3.7) 
then comes from values of the integrands around A ~ nip, namely E ^ p nip. In fact, 



h{g = l) = 87T [ 
Jo 



p^ dp 



nip — p^ — mg 



Svr 



nip arctanh 



A 



nir 



A 



Annir, In 



nir 



nip — A 



+ 0(mp - A) , 



(3.9) 



for A — )• nip , and neglecting the bare mass mo ^ nip. Likewise, 



l2{g = l) = 12^ /" /" 
Jo Jo 



qdq 



-7715 



12 7rmp arctanh 



A 



nir 



12 IT \/nip + A^ arctanh 



A 



' + A2 



+12 7rA In 



- A^ 



12 Vr TUr 



ln(2) - V2 arccoth(\/2) + 0{nip - A) . 



(3.10) 



Since Eq. (3.9) diverges for A — t- nip, the function g must be at least of order {nip — A), for 
p ~ g ~ ~ A, in order to cure the divergence and satisfy (3.7). 



We shall therefore replace all the UV cutoffs at nip with a general ni^ > ^ P^, assume 

1 TTT-p — p'^ m? — E'^ 

g{E,p';nip) - 



1 

a 



ni^ 



ml - E"^ 
+ (a-l) P 



1 + 



k^-aE^ 



+ 



a mt 



k'^ 



(3.11) 
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and take the limit A 



nip at the end of the calculation. From this ansatz, we obtain 



m: 







A3 



3am^ 



mp — rriQ arctanh 



+ 



rrin 



A 



+ 



A 



3 a 



(A2-3mo) 



(3.12) 



and 



TT 



A 



mt. 



A^ + (A^ - 3m;)ln ^ 



a 



mt: 



+ 



2{h? -2m 



mt. 



mp + A^ arctanh | 



, A \ I fn, 
+4 mp arctanh ( — | + C 



mr 



2 



mp 



A 



'm^ + A^ 



(3.13) 



Taking the limit A — )• mp and substituting Ii and I2 into Eq. (3.7) therefore yields an equation for 
the parameter a, which can be easily solved, that is 



13 



a 



6 [1 + \/2 arccoth(\/2) - 2 In 2] 



2.5 



(3.14) 



or 



g{E,p';mp) ~ 0.4 



mz. 



+ 1.5 



m" 



mt 



1 + 0.4 



A;2- 2.5^2 



mt 



mt 



(3.15) 



Note that the function g does not only depend on the Lorentz scalar k'^ = E"^ — p^, but also on 
the energy E. The propagator Gp{k;mp) is therefore not a Lorentz scalar. This seems a necessary 
price to pay in order to compensate for the Lorentz dependence of the cutoff A, and perhaps not 
such a costly one, since the propagator is not an observable per se|^ More specifically, the constant 
a 7^ signals the departure (of order E'^/m^) of Gp{k;mp) from being a Lorentz scalar. On the 
other end, the function g is singular in the limit a — )• for mp finite, and the Lorentz violating 
correction does not depend on a in the low-energy limit. One may therefore argue that fixing 
the UV scale will bring down necessary modifications to the low energy regime (a form of IR-UV 
mixing) . 



^Strictly speaking, the self-energy is hardly observable either, however we chose this quantity as a reasonably 
simple toy case to test our line of reasoning. 
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With the condition (3.7) satisfied, we can finally estimate the mass correction, namely 



nmp("io) = 1™ 



A— >r?ip 

6 \ a 



-4.6 A 



3 I Am' 



l + O 



-m5 
l + O 



m, 



(3.16) 



where the Planck mass mp must here be viewed as a universal constant. The result is therefore a 
(low-energy, mo ^ mp) Lorentz scalar, like we wanted. Of course, one might argue that the chosen 



form of the weight function g in Eq. (3.11) is hardly the unique solution for the constraint (3.7), 



and the final expression (3.16) remains consequently ambiguous. However, if we compare with the 



result derived by using the standard Feynman propagator {g = 1) 



nA(m2) 



A:2 



-27rAA2 



mn 



l + O 



A2 



(3.17) 



and set A 



The fact that our 

result (3.16) closely resembles (3.17) is suggestive that, perhaps, any reasonably behaved modified 



mp, we see that we obtained a correction of the same form. 



propagator Gp{k; mp) which solves (3.7) would lead to the same kind of mass correction. Eq. (3.16) 
also implies that lllmpl ~ rni S> m^, unless A ~ m''^, and one must still apply the usual subtraction 



at the renormalisation point in order to set the mass fi 



ms 



n to the "observed value" . 



4 Final remarks 

We have shown that, in the simple case of a (massive) scalar field, the self-energy correction 11 can 
be computed in a QFT with a cutoff at the Planck scale mp, and still obtain a Lorentz invariant 
result by modifying the propagator: the two non-invariances (of the cutoff and of the propagator) 
compensate each other and give rise to a (low-energy) frame-independent 11 . Such quantity nat- 
urally depends on mp, which must be viewed as a universal (frame-independent) constant. Also, 
the correction differs just by numerical coefficients from the 11 obtained from the usual Feynman 
propagator, which suggests that, if modifications to the propagator can be related to the scalar 
field self-gravitational interaction, the effect of the latter should be mild in this context. And that 
quantum gravitational effects might indeed have an almost irrelevant phenomenological impact on 
Standard Model predictions to all scales. 

Ideally, one would like to generalise the above procedure and require Lorentz invariance of all 
quantities we can observe in particle physics (such as scattering cross-sections, etc.). In order to 
achieve this, it will be necessary that the deforming weight g in the propagator (3.8) contains 



enough degrees of freedom (or parameters, like a in the example above) to satisfy the equivalent 



of Eq. (3.7). This should not be difficult to accommodate in the spirit of the GUPs or of the rules 
of Ref. [4J, since in diagrams with internal lines, each corresponding propagators should depend 
(at least) on the A^ — 1 other virtual particles in the graph (and external real particles), and one 
expects to have at least A^ — 1 such parameters. 
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Finally, let us note that there remains to see if gauge invariances can be preserved as well, after 
imposing the low-energy Lorentz invariance of observable quantities. Addressing this issue requires 
investigating more realistic gauge QFTs, rather than toy model scalar fields, and will be attempted 
in a subsequent work. 
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